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Introduction
Functionally graded (FG) materials are a class of composites that have continuous variation of material properties from one surface to another and thus eliminate the stress concentration found in laminated composites. Typically, FG material is made from a mixture of a ceramic and a metal in such a way that the ceramic can resist high temperature in thermal environments, whereas the metal can decrease the tensile stress occurring on the ceramic surface at the earlier state of cooling. Understanding static and dynamic behaviour of FG beams is of increasing importance. Many theoretical models and beam theories have been developed to solve this complicated problem. By using a meshless local Petrov-Galerkin method, Ching and Yen [1] presented numerical solutions for two-dimensional (2D) FG solids such as simply-supported beams. In terms of Airy stress function, Zhong and Yu [2] presented a general 2D solution for a cantilever FG beam with arbitrary variations of material properties. Birsan et al. [3] employed the theory of directed curves to investigate the mechanical behaviour of non-homogeneous, composite, and FG beams. Based on the classical beam theory (CBT), Sankar and Zhu ([4] , [5] ) gave an elasticity solution for FG beams under static transverse loads. Simsek and Kocaturk [6] investigated free vibration characteristics and the dynamic behavior of simply-supported FG beam under a concentrated moving harmonic load. Khalili et al. [7] combined the Rayleigh-Ritz method and the differential quadrature method to solve forced vibration analysis of FG beams subjected to moving loads. Alshorbagy et al. [8] presented the dynamic characteristics of FG beams with material graduation in axially or transversally through the thickness. It is well known that the CBT is more suitable for slender beams and lower modes of vibration, and becomes inadequate to characterize higher modes of vibration, in particular for short beams. Thus, the first-order beam theory (FOBT) is proposed to overcome the limitations of the CBT by accounting for the transverse shear effects. Based on this theory, Chakraborty et al. [9] proposed a new beam finite element to study static, free vibration and wave propagation problems of FG beams. Li [10] presented a new unified approach for analyzing the static and dynamic behaviours of FG beams with the rotary inertia and shear deformation included. Sina et al. [11] derived analytical solution for free vibration of FG beams. Since the FOBT violates the zero shear stress conditions on the top and bottom surfaces of the beam, a shear correction factor is required to account for the discrepancy between the actual stress state and the assumed constant stress state. To remove the discrepancies in the CBT and FOBT, the higher-order beam theory (HOBT) is developed to avoid the use of shear correction factor and has a better prediction of response of FG beams. The HOBT can be formulated based on the assumption of the higher-order variation of axial displacement [24] presented a finite element model for static and free vibration responses of layered FG beams using third-order zigzag theory and validated against experiments. Thai and Vo [25] used the Navier procedure to determine the analytical solution of a simply-supported FG beam by using various higher-order shear deformation beam theories. To the best of the authors' knowledge, there is no publication available that uses finite element model to deal with displacements, higher modes of vibration and corresponding mode shapes of FG beams with various boundary conditions using refined shear deformation theory in the open literature. This complicated problem is not well-investigated and there is a need for further studies.
In this paper, static and vibration analysis of FG beams using refined shear deformation theory is presented. The developed theory, which does not require shear correction factor, accounts for shear deformation effect and coupling coming from the material anisotropy. Governing equations of motion are derived from the Hamilton's principle. The resulting coupling is referred to as triply coupled axial-flexural response. A two-noded Hermite-cubic element with five degree-of-freedom per node is developed to solve the problem. Numerical results are obtained for FG beams with simply-supported, cantilever-free and clamped-clamped boundary conditions to investigate effects of the power-law exponent and modulus ratio on the displacements, natural frequencies and corresponding mode shapes. The displacement field of the present theory, based on Reddy [26] , can be obtained as:
Kinematics
where u is the axial displacement, w b and w s are the bending and shear components of transverse displacement along the mid-plane of the beam.
The non-zero strains are given by:
where
and κ s x are the axial strain, shear strain and curvatures in the beam, respectively, defined as:
where differentiation with respect to the x-axis is denoted by primes ( ′ ).
Variational Formulation
In order to derive the equations of motion, Hamilton's principle is used:
where U, V and K denote the strain energy, work done by external forces, and kinetic energy, respectively.
The variation of the strain energy can be stated as:
where N x , M b x , M s x and Q xz are the axial force, bending moments and shear force, respectively, defined by integrating over the cross-sectional area A as:
The variation of work done by external forces can be written as:
The variation of the kinetic energy is obtained as:
where the differentiation with respect to the time t is denoted by dot-superscript convention; ρ(z)
is the mass density and m 0 , m 1 , m 2 , m f , m f z and m f 2 are the inertia coefficients, defined by:
where:
By substituting Eqs. (6), (8) and (9) into Eq. (5), the following weak statement is obtained:
Constitutive Equations
The material properties of FG beams are assumed to vary continuously through the beam depth by a power-law as [27] :
where P represents the effective material property such as Young's modulus E, Poisson's ratio ν, and mass density ρ; subscripts u and l represent the upper and lower surface constituents, respectively;
and n is the power-law exponent. It is clear that when z = −h/2, P = P l and when z = h/2, P = P u .
The stress-strain relations for FG beams are given by:
The constitutive equations for bar forces and bar strains are obtained by using Eqs. (2), (7) and (14):
where R ij are the stiffnesses of FG beams and given by:
Governing equations of motion
The equilibrium equations of the present study can be obtained by integrating the derivatives of the varied quantities by parts and collecting the coefficients of δu, δw b and δw s :
The natural boundary conditions are of the form:
By substituting Eqs. (4) and (15) into Eq. (17), the explicit form of the governing equations of motion can be expressed with respect to the stiffnesses R ij :
Eq. (19) is the most general form for the static and vibration analysis of FG beams, and the dependent variables, u, w b and w s are fully coupled. The resulting coupling is referred to as triply axial-flexural coupled response.
Finite Element Formulation
The present theory for FG beams described in the previous section was implemented via a displacement based finite element method. The variational statement in Eq. (12) 
For static problem, by omitting the inertia terms and substituting expressions in Eq. (20) into the weak statement in Eq. (12), the finite element model of a typical element can be expressed as:
where {∆} is the nodal displacements and [K], [F ] is the element stiffness matrix, the element force vector, given by:
For vibration problem, the dynamic equation can be expressed as the following eigenvalue problem:
where {∆} is the eigenvector of nodal displacements and [M ] is the element mass matrix, given by:
Numerical Examples
In this section, a number of numerical examples are analysed for verification the accuracy of present study and investigation the displacements, natural frequencies and corresponding mode shapes of FG beams. In the case of the FOBT, a value of K s = 5/6 is used for the shear correction factor. For convenience, the following non-dimensional terms are used, the axial and vertical displacement of FG beams under the uniformly distributed load q:
and the natural frequencies:
as well as Young's modulus ratio:
where I = bh 3 12 and K = 5 384 ,  1  8  and  1  384 for simply-supported, cantilever-free and clampedclamped boundary conditions, respectively.
Results for static analysis
For verification purpose, simply-supported FG beams with two span-to-height ratios L/h = 4 and 16 under a uniform load q are considered first. FG material properties obtained from [15] are composed of Aluminum in the upper surface (Al: E u = E Al = 70GPa, ν Al = 0.3) and Zirconia in the lower surface
It should be noted that as the power-law exponent increases, the FG beam approaches to the full ceramic one and Young's modulus ratio (E ratio ) is smaller than unity.
The mid-span displacements for various values of power-law exponent are compared with previous results ( [15] , [25] ) in Table 1 . The analytical solutions using HOBT were given in Thai and Vo [25] and derived here for comparison. The results obtained from the FOBT and HOBT are very close to each other. It can be seen that the current solutions are in excellent agreement with previous studies.
It seems that for the FOBT, Simsek [15] uses the shear correction factor K s = 1.0. The bending and shear components of vertical displacement and axial displacement along the length of the beam are plotted in Figs. 2 and 3 . All the displacements decrease with increasing value of the power-law exponent. This is due to the fact that the higher power-law exponent causes axial-flexural coupling effect, which results in an increase in axial and flexural stiffness. It is from Fig. 3 that highlights the effect of this coupling on the axial displacement of beam. This response is never seen in the homogeneous beams (ceramic and metal) because the coupling terms are not present. It also implies that the structure under transverse load not only causes vertical displacement as would be observed, but also causes additional response due solely to coupling effect.
In order to investigate the effects of the power-law exponent on the displacement further, by using HOBT, FG beams with different boundary conditions are considered. Unless mentioned otherwise, the lower surface of FG beams is always assumed to be Aluminum in the following examples. In contrast to previous example, in this case E ratio > 1, all maximum displacements increase as the power-law exponent increases ( Table 2) . As expected, the highest displacements are obtained for full ceramic beam (n = 0) while the lowest ones are obtained for full metal beam (n = ∞). The mid-span displacements of simply-supported FG beams are presented in Table 3 and Fig. 4 to show effect of the Young's modulus ratio. It can be seen that for a constant power-law exponent, the displacement decreases with increasing E ratio . Vice versa, for a given value of E ratio , as the power-law exponent increases, it causes contrary responses on the displacement, which is decreased when E ratio < 1 and increased when E ratio > 1 as well as has no change when E ratio = 1 (Fig. 4) . It also confirms again some static responses mentioned in the previous examples (Tables 1 and 2 ).
Results for vibration analysis
To demonstrate the accuracy and validity of this study further, vibration analysis of FG beams with L/h = 5 and 20 is performed. FG material properties are assumed to be [19] : Aluminum in the lower surface (Al: Tables 4 and 5 . Again, it can be seen that the FOBT and HOBT give almost the same results. As expected, an increase of the power-law exponent results in a decrease of elasticity modulus and bending rigidity, which leads to a reduction in natural frequency. This reduction is the same for the three boundary conditions.
Through the close correlation observed between the present model and the earlier works, accuracy of the present model is again established. By using HOBT, clamped-clamped FG beams are chosen to investigate the effect of the power-law exponent on the higher vibration modes (Table 6 and Fig.   5 ). The first four vibration mode shapes corresponding to the power-law exponents n = 0 and 5 are illustrated in Fig. 6 . It can be seen that for the homogeneous beam, the first, second and fourth modes exhibit double coupled vibration (bending and shear components), whereas, the third mode exhibits axial vibration. However, for the FG beam, all four modes display triply coupled vibration (axial, bending and shear components). This fact explains that triply axial-flexural coupled response should be considered simultaneously for static and vibration analysis of the FG beam.
Finally, effect of Young's modulus ratio on the fundamental natural frequencies of clamped-clamped FG beams is shown in Table 6 and Fig. 7 . It can be seen that the natural frequencies increase monotonically with the increase of E ratio for all values power-law exponent considered. This ratio is more pronounced for small values of power-law exponent than large ones (Table 6 ). For instant, for homogeneous beam with L/h = 5 (n = 0), the ratio between the fundamental natural frequency corresponding to Young's modulus ratios 0.25 and 6 is 4.9 and similar value for FG beam (n = 10) is 1.3. When comparing E ratio with unity, similar response of static behaviour can be observed again for vibration analysis. That is, with the increase in power-law exponent, the natural frequency increases when E ratio < 1, and decreases when E ratio > 1. As expected, when the beam is homogeneous, E ratio = 1, the natural frequency is independent of the power-law exponent (Fig. 7) .
Conclusions
Finite element model which accounts for shear deformation effect and coupling coming from the material anisotropy is developed to study the static and vibration analysis of FG beams with various boundary conditions. This model is capable of predicting accurately static responses, natural frequencies and corresponding mode shapes. It accounts for parabolical variation of shear strain through the beam depth, and satisfies the zero traction boundary conditions on the top and bottom surfaces of the beam without using shear correction factor. Triply coupled axial-flexural response should be considered simultaneously for accurate analysis of FG beams. The present model is found to be appropriate and efficient in analysing static and vibration problem of FG beams. 
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